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On Gibbs measure and weak flow for the cubic NLS with 

non-localised initial data 
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Abstract 

In this paper we prove the existence of an invariant measure for the cubic NLS 

id,u + A u — \u\ 2 u = 0 

on the real line in the sense that we prove the existence of a measure p supported by non- 
localised functions such that there exists random variables X(t) whose laws are p (thus inde¬ 
pendent of t ) and such that 1 1 —> X(t) is a solution to the cubic NLS. Our strategy for the proof 
is inspired by H) and relies on the application of Prokhorov and Skorokhod Theorems to a se¬ 
quence of measures which are invariant under some approximating flows, as we proved in our 
previous m. However, the work by Bourgain, 0 provides a stronger result than this one, as 
it gives almost sure strong solutions for the cubic NLS and the invariance of the measure can 
be deduced from it. 
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1 Introduction 


The problem of building invariant measures under nonlinear flows for PDEs dates back to the 
pioneering work of Lebowitz-Rose-Speer CDll . and was subsequently addressed by Bourgain in 
his seminal papers on KdV and Schrodinger on the torus f4 |. 

In the subsequent years, a lot of effort has been spent in order to investigate the connections 
between invariant measures, and more in general the effect of ’’randomization” in PDEs, with var¬ 
ious properties of the corresponding flows. This kind of probabilistic approach has been indeed 
successfully developed in several contests to significantly improve the existing deterministic the¬ 
ory: among the most remarkable results, we mention the papers iflOl - lfTTll in which these ideas are 
developed to prove some supercritical well-posedness for the cubic wave equation. 

An attempt of providing a complete or even satisfying literature on the topic is out of our 
scope here, and we refer to the recent l26l for a fairly complete picture. We should anyway stress 
the fact that most of the available results concern evolution equations on compact manifolds. The 
reason for this is somehow technical, as having a countable basis of eigenfunctions for the Lapla- 
cian turns to be a major advantage (suggesting a ’’natural” randomization) in the construction of 
an invariant measure, which can be roughly summarized by the following scheme: frequency 
truncation-Liouville theorem-uniform probability estimates. Randomization (and related ques¬ 
tions) in a non-compact setting turns in fact to be much more complicated, and is a topic currently 
attracting a lot of attention from the community, which has produced some significant results in 
the very last years. We mention |9j] in which the authors consider a NLS on the real line with a 
well chosen external potential ’’trapping” the solution (see also Q in which modulation spaces 
are used and lfl6l for the 2D case), iCTTl in which supercritical well posedness for NLW on IB . 3 is 
discussed (see also Il28l for 3D NLW). 

Our recent paper lfl2l fits within this contest: there, we built a Gibbs measure for the cubic- 
type NLS 

id t u - Au +x\u\ 2 u = 0, u : R f x R v —> C (1) 

with a smooth interaction potential x satisfying some smallness assumptions (namely, 0 < x ~ 
(x)~ a and |(1 - A) V( ^ 2 yf| < (x)~ a for some a > I, .vo > 1/4), and proved it to be invariant under 
the flow of the equation above on a suitable topological cr-algebra. The main novelty of lfl2l is 
represented by the randomization, as there is no trapping potential coming into play. Inspired by 
ll22l (see also fl5ll for the Klein-Gordon equation), our randomization is therefore given by 

X mx 

clW n (a j) 

Vl + n 1 

where to is the random event and W n is a Brownian motion, which makes (p(x) Ito integral. The 
presence of the function x in © is essentially technical, and heavily used in the convergence 
argument (the strategy to build the invariant measure consists in approximating the flow of dT|) 
with ’’approaching” equations on finite dimensional spaces, define invariant measures for them 
and then pass to the limit; this requires several tools from local and global deterministic analysis). 

The purpose of this paper is essentially to show that the function ^ in dTJ can be removed, and 
thus to build a random variable which is a solution of the cubic NLS 

id t u - A u + \u\ 2 u = 0, w : X R* —> C (2) 

whose law law does not depend on time. 
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Our strategy is inspired by IS], in which the authors develop a clever machinery relying on 
two important results of measure theory, Prokhorov and Skorokhod Theorems, to build an invariant 
measure for some different dispersive flows on compact manifolds and obtaining, as an application, 
existence of solutions for the corresponding equations in certain spaces. This strategy comes from 
fluid mechanics, see for instance |T] [13! and reference therein. In (SJ, the authors adapt it to 
dispersive equations. We follow their proof. 

We briefly summarize the main steps needed (all the details and the definitions will be made 
clear through the paper): 

1) Given a PDE and its associated flow O(t), introduce an approximating problem such that its 
corresponding flow Oy(t) is global and such that we are able to construct an invariant measure p,y 
on some topological space X, for which we have good control. 

2) Define, for every N, the measure vn = Pn ° 'by 1 and show that it is tight in some space 
C([-T, T]; T) with Y D X. Therefore, the application of Prokhorov Theorem gives the existence 
of a measure v on C([-T, T] \ Y ) which is the weak limit of the sequence vjy. 

3) Apply Skorokhod Theorem to construct a sequence of random variables converging to a 
solution of the initial problem. 

We will thus apply this strategy to our setting with the aim of removing the interaction potential 
X in CD- Equation CD will of course play the role of the ’’approximating problem”, and we will 
use the invariant measure built in lfT2l (although slightly changing the topological setting) as the 
approaching p^. Anyway, we remark that the main difference with (8]] is in that we here work in 
a non compact setting: this will make the limiting argument significantly more complicated, and 
we will have to rely on some Feynman-Kac type results to make things work. 

We stress that the main difference with 00 comes from the proof of the tightness of the family 
(v,v)y. The tightness is deduced from uniform bounds on p,y and the invariance of p,y under the 
flow Oy. This does not change for us. Nevertheless, the uniform bounds on p ; y in |8] is based 
on the fact that p,y can be written dp^(u) = F ^(u)dq(u) where q is a well-known measure, often 
a Brownian bridge, and Fn converges in L l (dq). This is not our case. The sequence of measure 
p,y converges for path integral reasons towards a measure p mutually singular with q, |[25l ITTl l One 
of the main problem is here to understand this convergence in order to get uniform bounds on 
the sequence (pn)n- This requires to use Feynman-Kac or integral paths results. So, the novelty 
of this work consists in putting together Feynman-Kac type results ll25l [T7 1 with the Prokhorov- 
Skorokhod machinery. 

We are now ready to state our main result (we postpone to the next subsection the definition 
of the functional spaces). 

Theorem 1. There exist a probability space (Q, F. P ), a random variable X = X(t) with values in 
X'^ T and a measure p such that 

• For every t, the law ofX(t ) is p (thus, in particular, it does not depend on t); 

• The random variable X is almost surely a weak solution to ©; 

• The measure p is supported by non localised functions (not if CM.)). 

Remark 1.1. With this strategy of proof, we cannot state a stronger result such as there exists a 
flow ilr(t) of © and a measure p such that p is invariant under ijj(t) because the random variable 
X(t) allows us only to define a weak flow of © which in particular is not necessarily unique. 
We discuss the link between uniqueness and invariance in the Subsection 14.51 Nevertheless, the 
measure p is formally written e^‘ ill) du where G(u) is the energy plus the mass, which makes it 
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close to a Gibbs measure. Hence, at least in the sense of the above theorem, we get invariance of 
the ’’Gibbs” measure. 

However, in j\5]j, Bourgain showed the uniqueness of the solution. Bourgain did not study the 
limiting measure, but its existence can be deduced from quantum field theory, such as in f25]l as 
explained later or Chapter 3 and more precisely Theorem 3.3.3. Besides, combining the 
existence of the measure and the uniform convergence theorem of Bourgain, one should be able to 
prove the strong invariance of the limiting measure under the flow hence defined, giving a much 
stronger result. 

Remark 1.2. Considering only the kinetic part dq of the approximating measures 

dpw(u) = F^(u)dq(u), 


one can see that q is somehow a large box limit. Indeed, q is the limit of a sequence qL, where qi 
is the law of 

•Pdx) = Yj L~ ll2 e ikx/L (l + ( k/L) 2 T ll2 g k 

ke Z 

with (gk) independent centred normalised Gaussian variables. This limiting process has been 
explained in and consists in building a Wiener integral. The random variable tpi is built as a 
map oflnLT with (fiL — (1 — A and 


iS x) = Z 

keZ 


Jkx/L 

—j=rgk■ 

Vl 


We note that (x i—> ^==)j \ is an orthonormal basis of L 2 (2nLT). The measure dq is obtained by 

letting the size of the box (or torus) 2nL go to oo. Besides, taking the mean value of the if norm of 
ipk to the square gives something of order L and hence diverges. This is a way to understand the 
non locality of the initial data. 

However and as we have mentioned earlier, our final measure p is mutually singular with q. 
Nevertheless, thanks to Feynman-Kac type results, we know that p is invariant under translations 
and that when u has the law p, the law of u(x) is (not depending on x and) absolutely continuous 
with regard to the Lebesgue measure. This is sufficient to prove that p is supported by non localised 
functions, as we see in Propositions 1 3. 71 IJ.SI In particular; p is not supported by functions which 
are not in Lr( R). 

Remark 1.3. Our proof is adaptable to other non-linearities. In fact, it is adaptable to other 
Hamiltonians. The sufficient conditions are given by the Feynman-Kac theory. But at least, one 
could consider a quintic non linearity. Or an equation with the same Hamiltonian but with a 
different dispersion relation. The fact that the measure is supported by non-localised functions 
may be explained by the fact that localised data may generate scattering. Then, the solutions 
would converge towards 0 for some norm, but, as we see in Subsection \3.4\ invariance in a weaker 
norm often implies invariance in a stronger norm. This would contradict the invariance of the 
measure (it cannot both be invariant and converge to a Dirac delta centred in 0 when time goes to 
±oo ). 

Let us give some details on the plan of the paper. In the next section, we will provide the 
necessary notations, introducing the functional spaces and the measures we will deal with. In 
section [3] we will review and discuss some known results that will be the main ingredients in 
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the proof of Theorem Q] in particular, we will recall some generalities on Feynman-Kac theory 
for oscillatory processes and Prokhorov and Skorokhod Theorems. In subsection 13.41 we will 
show how to adapt our previous result of lfT211 to the present functional setting. Section 0] will be 
devoted to the proof of our main Theorem, that will be divided in several steps. First of all, we 
shall state two technical results (Lemmas 14.1H4.21) in which we prove some uniform N bounds for 
two crucial probability integrals; in subsection (14.21) we prove the convergence of the invariant 
measures of (HI) for N —> +oo towards a limit p. Then, we prove the tightness of the family of 
measures v,\; (subsection 14.31 ). the existence of a weak flow for equation ([2]) as an application of 
Skorokhod Theorem (subsection l4.4l) and, eventually, we discussed the so-called invariance of the 
limit measure p under the weak flow in subsection 14.51 


2 Notations 

In this section we fix up useful notations for the rest of the paper. 


2.1 Spaces 

Let -2 < cr < Let s > 0 and a e]0,1[. Let T e R. 

Given any variable x, we use the standard notations for (x) = V 1 + x 2 and D x = \J I - 3 2 . We 
will denote with S (r) = e lTA . 

For if a non-negative increasing function, let X^ be the space induced by the norm 

\\f\\x 9 = 11(1 + (3) 

Even though this is not one of the spaces that we used in ffl2l to prove the invariance of some 
measure p under the flow of Schrodinger with a localised non linearity, one can prove that we have 
invariance in the topological cr algebra of this space for density reasons. We take the regularity 
to be less than two orders where one has invariance and the weights to be three times what they 
should be such that the derivative in time of the solution to id t u - - A u + \u\ 2 u is in this space too. 
In view of what has been done in |[S|]. this loss of derivative is maybe superfluous. The weight ip is 
needed as an artefact of the proof and might be unnecessary. 

For convenience reasons, we introduce the space induced by the norm 

\\f\\z v = ii<*r 2 (i + ^r^rViiG + ii<*:r 2 (i + <^r 1/3 /ib- (4) 


Let Xt, be the space induced by the norm 


ii/iiaj = iiG +^- 1 (x>- 6(1+£) dj (1+£) /ii L 2. 

We will prove later that the balls of X v are compact in X e v . 

Let Xr,tp and X S T be the spaces defined as 

Xt, v = C a ([-T, T],X V ) and X e Tlf = C([-T, T\,X%) 

where the index a is related to Lipschitz continuity in the sense that 

II f(h) - /te)lk 


I I/I Ur. = SU P 


ti,t 2 e[-T,T] \h ~ tl\ a 


+ ll/llz.”([-r,r],*„)- 


(5) 


( 6 ) 
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The idea is that the balls of Xt# are compact in X e Tip . 

Let m be a measure and p e [1, o°]. By U m we denote the space induced by the norm 

Fllzi = (f \F(u)\ p dm(uj) llP 

if p < oo or 

||F|| l » = sup{/l > 01 m(|F| > A) ± 0}. 


2.2 Measures 

Let pn be the measure defined as 

dp N (u) = D- N l e~^O u ^ dx dq{u) 

where q is the complex valued oscillator process given in the book by Simon ||25l . We give more 

details about this process in Subsection 13.11 and D.v is the L* norm of e~~- f- v dx . We remark 
that Dn goes to 0 when N goes to oo. 

Lct^,y be C°° functions with compact supports such that for all x e R, xn( x ) € [0,1], 

Xn{x) = 1 on [~N,N] and xn(x) = 0 outside [-N - D 3 n ,N + D 3 N ]. (7) 

We call p.y the invariant measure defined in lfl2l under the flow of 

id t u = - An +Xn\u\ u. (8) 

We call t/^v the flow of this equation. 

Let vy be the measure defined on the topological cr algebra of Xr,<p as for all A 

vyv(A) = pn(Wo 1 1 ^ (Av(0«o e A}). (9) 


3 Previous results and corollary 

3.1 Convergence in the whole line 

We begin with the following definition. 

Definition 3.1. A family {g(x)} x€ R of Gaussian random variables is called an oscillator process or 
Ornstein-Uhlenbeck process if 

E(q{x)q(y)) = \ e ^ x ~ y< . 

We will denote with dq the measure on paths oj{x) associated to the oscillator process. 

In analogy with what happens with Brownian motions, it is natural to link oscillator processes 
with some suitable semi group. We explain this connection in the following result. 

Proposition 3.2. Let L(> = + \x 2 - \ and flo(jc) = ^ _1 /4g-(i/2).y S() p (] Q () - o and 

f |Go| 2 = 1. Let moreover /o, ■ ■ ■ /« £ L°°(W) and let -oo < y 0 < .. ,y n < oo. Then 

Bt/bteO’o)), • • ■ fn(q(yn))) = (flo, M fo e~ x>L °M fl ... e~ x " L °M f Q 0 ) i2 

where Xj = y, - >>/-1 > 0 , (•, -) L 2 denotes here the standard L 2 scalar product and Mf the multipli¬ 
cation operator Mjg(x) = f(x)g(x). 
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Proof. See B251 Theorem 4.7 pag. 37. 


Remark 3.1. Proposition \3.2\ vields an explicit kernel Q x (u\, u 2 ) for the semi group e xL °. Fol¬ 
lowing the lines of the proof indeed we have 


~ XLo f{u l) = J Qx(m,U2)f(u 2 )dU2 


where 


( l/„2 


Q x (ui,u 2 ) - 


sjn( 1 - e 2x ) 
This is known as Mehler’s formula. 


exp 


j(u 2 + nj)( 1 + e 2x ) - 2e x u\u 2 


1 -e 


- 2 x 


We remark that Q x is smooth and that for all t > 0 and it\ T u 2 

Q x (u\,U 2 ) < 1 + \u\ - u 2 \~ l and\d x Q x (u\,u 2 )\ < 1 + |«i - M 2 r 3/2 |ni + u 2 \. (10) 


We also have that d x Q(x = 0) = 0 and 

\d 2 x Q x (ui,u 2 )\ < 1 + |«i - u 2 \~ 512 \ui + u 2 1 2 . (11) 

And finally, we get that d x Q x (x = 0) = 0 and 

\d 3 x Q x (uu u 2 )\ < 1 + \ui - « 2 T 7/2 |mi + M 2 1 3 . (12) 

Remark 3.2. Actually, minor modifications in the proof allow to adapt this result to higher di¬ 
mensions: in this case the natural semi group will be indeed given by Lq = A + ^ - \- 

The next step consists now in giving the analogue of Proposition [T2]in a slightly more general 
setting, i.e. to relate the semi group e~ xL with L = Lo + V for some suitable potential V to path 
integrals. Results of this kind have been widely investigated in literature, especially in the case of 
Brownian motion, and are usually referred to as Feynman-Kac formulas. In what follows V will be 
any polynomial bounded from below, so that E(V) = inf spec(Lo + V) is a simple eigenvalue with 
an associated strictly positive eigenvector Qy (some more general potentials can be considered, 
but we do not strive to cover the most general case here as discussed in |[23l ). We will denote with 
L = L q + V - E(V). 

Definition 3.3. We define the P{(f>)i -process as the stochastic process with joint distribution of 
q(xi), • • • q(x„) (x\ <■■■ < x„): 

a v {u\)Q. v {u n )e~ yiL {u\,u 2 )... e~ yn - lL {u n -i,u n ) 

where e~ yL (a, b) is the integral kernel of e~ sL and y, = jc ,-+1 - jq. We will denote with dpy the 
corresponding measure. 

Remark 3.3. In view of what will follow in the next section, it is important to give some estimate 
on the ground state ily(x) (which is a regular function), with V = |.r| 4 . This can be done by means 
of the so called WKB approximation scheme, which gives the asymptotic behaviour fl^plx) = 
for \x\ —> +oo. We refer to /\2]l, /l27l/ for details. 

Therefore, we are ready to state the following result. 
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Theorem 3.4. [Feynman-Kac] For any smooth and bounded test function G : C(R, C) 
have 


f G(u)dp v (u) - lim DZ 1 f G(q)e~ ^ V<q<s))ds dq 
J N^+co J 


where Dy is the L 1 (dq) norm of e 


- f N N V(q(s))ds 


R, we 


Proof See ff25l Theorems 6.7 and 6.9 pag 58. Notice that, by mimicking the proof of Theorem 
6.1 there, it is possible to deal also with the complex case. □ 


Remark 3.4. This Theorem implies in particular the convergence of the sequence Pn as defined 
in the introduction: the choice of the potential V = \xf falls indeed within the assumptions we 
made for Definition \3.3\ and therefore for applying Feynman-Kac Theorem. In what follows, we 
will omit the dependence on V - \x\ 4 for the limit measure simply denoting it with p. 


The reason for introducing all this framework is in the following result, in which we show that 
the Gaussian part of the invariant measure for NLS built in Ifl2l is a complex valued oscillator 
process in the sense of the next proposition. 


Proposition 3.5. Suppose W n (u>) is the reunion of two complex, independent Wiener processes in 
n, W}fco), W^fco) and let 


<p{x) = J- f 

Jr 


VT 


=dW n (oj) 


+ n- 


where x e R and o e il Then it is possible to decompose 


(13) 


f(x) = ffx) + i<p 2 (x) 


where (pi, (p: are real-valued and independent. Moreover, each (p fx) is an oscillator process, as 
in Definition 13.71 

Remark 3.5. Before we prove this proposition, we remark that the process W n is a random Gaus¬ 
sian field, see I24\l . such that VTo = 0 and 


E(dW, n dW„ 2 ) = dri\5{n\ - n 2 ) 


or equivalently 


B(W ni W n2 ) = 


0 tfn\n 2 < 0 

min(|/Ti |, |/T 2 1) other-wise. 


Proof. In view of our assumption on W„(oj), we have 

cos(/ia')c/VT,J ((jj) - sm(nx)dW}fn) 


(p{x) = 


= 1 


vr 


+ n z 


■ f si 

+, i~ 


sin(n.r)JlV,j (a>) + cos(nx)dW^(n) 


Vl 


+ n z 


= <f>i(x) + i(p 2 {x). 









To prove the independence, we rely on the Ito isometry to write 

cos(nx) sin(nv) F cos(nx) sin(nv) 


C cos(nx) sin(nv) f cos(n. 

E( 0 iO) 02 0))) = -:- ——dn - -- 

Jr 1 + n Jr 1 


dn 


+ n 


sin(n(x - y)) 


" sin(? 

w R I 


dn 


+ n A 


= 0. 


Since <p\, (pi arc centred Gaussian variables, this implies that <p\ and (pi are independent. 
We now come to the second paid of the proposition. First of all, we observe that 


E(0i(.r)0i(y)) = E((p 2 {x)(p 2 (y)) 

cos (nx) cos (ny) + sin(nx) sin(ny) 


r 

sJ R 


cos (n(x - >’)) 


" cos(/ 

„R T 


1 + n 2 
dn. 


dn 


+ n z 


C cos (nx) 

Let us then consider the function F(x) = - —dn: we aim to prove that 

Jr 1 + n- 


F(x) = a sinh(|x|) + /3 cosh(x). 

Let ip e C“ be a test function. We have by considering Fourier transform 


(F,( l-Sfyfr) = 


Re 

Re 


( J" cos (nx), ip) 

I dxip(x) I e mx dn 

Jr Jr 

I dn I e inx ip(x)dx 

Jr Jr 

X p/(n)dn 


On the other hand. 


(sinh(|x|), (1 - d x )ip) = 


~ I 

Jo 


V27rRc 

2mp(0). 


< 

sinh(x)(l - dy)ip - sinh(x)(l - d x )ip. 

— OO 


= I+ 11. 


The first integral gives 


r *+oo /-*+ 

I = sinh(x)t/r - 
Jo JO 


sinh(x)t/r - sinh(x)3“(/r = I\- h 

Jo 


where integrating by parts 


r*+ oo 

h = sinh(x)J x (A| 0 °° - I cosh(x)5 v i/r 

X +OO 

sinh(x)i/r 

= m + h 


(14) 


(15) 
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and thus 1 = -f(0 ). 
Analogously, 


-II = 




sinh(x)(l - d 2 )i A 


= Ih-Ih, 


and 


ih = 


C 2 

I sinh(x)3 4 i/f 

kJ — OO 

o r° 

= sinh(.v)d r ^| ai - coMx)d x if/ 

— OO 

o r° 

- - cosh(x)td| _ oo + I sinh(x)tA 

— CO 

= -m+ih 

which implies -II = t/dO). Therefore, we have showed that 


(sinh(|x|), (1 - cfyi(/) = -2tA(0). 


On the other hand, 


(cosh(x), (1 - d x )f) = ((1 - d~) cosh(x), if) = 0. 
Putting all together, we thus have 

F(x) = -7r(sinh(|x|) - cosh(x)), 
as F( 0) = n. Hence, for x > 0, we have 


Fix) = Ti ^---j = ne x . 

Getting back to (fl4l ) this gives, when x > y, 

E(0' j(x)(f> j(y )) = ne ~ (x ~ y) , j = 1,2 

and this concludes the proof. 


Remark 3.6. We can also remark that e ^ ^ is the Green function of the operator (1 - df) 1 . 

As a concluding result for this subsection, we give the following Proposition which is just a 
consequence of what we have seen so far. 

Proposition 3.6. Let py be the invariant measure defined in / f72l/ . Then 


dp N {u) = -^-e 


■ f XNV<(xfdx 


dq(u). 


(16) 


N 


where D' is the L l (dq) noun of e /xaT'WI 4 ^* 
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Additional remarks on where p is supported We wish to prove that p is supported by functions 
which are not localised, in particular, in the sense that they are not iff. For this, we remark that, 
thanks to the description of p as the P{f)\ process given by Definition 13.31 we have that p is 
invariant under translations, that is for all test functions F and all xo £ R.: 

f F (f)dp(f) = J F(f Xo )dp(f) 

with f Xo (x) = f(x - xo). Besides, / is p-almost surely continuous and the law of /(x) is absolutely 
continuous with regard to the Lebesgue measure and with density Q 2 ,, that is 

P(/W £[/,/ + df]) = &y(f)df. 

Proposition 3.7. The measure p is supported by non localised functions in the sense that p almost 
surely /(x) does not go to 0 when x goes to oo. 

Proof. We compute the probability such that /(x) goes to 0 when x goes to oo. We have 
p(/(x) —» 0) = p(Ve > OBj'? such that Vx > R , |/(x)| < s). 

Writing everything in terms of sets, we have 

p(/U) -» 0) = p( P) U P|(I/WI ^ e)). 

£>0 ReR x>R 

Because of decreasing continuity of p, we have 

P(/U) -> 0) = infp( [J p|(|/(x)| < e)). 

ReR x>R 

Writing [J R€? C] XS . R as a liminf, we get 

P(f(x) -> 0j = infp(liminf(|/(x)| < e)). 

£ X —>00 

We use Fatou’s le mm a to get 


p(f(x) 0 ) < inf lim inf p(|/(x)| < s) 

£ X —>O0 

and the invariance of p under translations to get p(|/(x)| < e) = p(|/(0)| < e) and thus 

P(f(x) -> 0) < infp(|/(0)| < e). 

£ 

Finally, we use again the decreasing continuity of p to get 

p(/(x) —> 0) < p(/(0) = 0). 

The law of /(0) being absolutely continuous with regard to the Lebesgue measure, we have that 

p(f(x) -» 0) = 0. 


□ 

Proposition 3.8. The measure p is supported by non localised functions in the sense that p almost 
surely f does not belong to iff. 
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Proof. Let Re Z and let 



\f(x)\ 2 dx. 


If / belongs to L 2 then the series of general term ||/||| converges and hence ||/||« goes to 0 when 
R goes to oo. Therefore 


pi\\f\\p < °°) < pdl/lls -»0). 
For the same reasons as in the proof of Proposition 13.71 we have 


poi/iip < °°) < pdi/iio = o). 


Since f is p almost surely continuous, we get that ||/||o = 0 almost surely implies /(0) = 0 and 
thus 


pdi/iiz .2 < oo) < p(/( o) = o) = o. 


□ 


3.2 Prokhorov’s theorem 

In this section we present a classical result of probability theory, known as Prokhorov Theorem, 
that represents a crucial tool in our convergence argument, and essentially connects the concepts 
of weak compactness and tightness. We refer to ltT8l . Ifl9l for all the details and deeper insight on 
the topic. First of all, we recall the following 

Definition 3.9 (Weak compactness). Let S be a metric space. A family (ni:v),y>i of probability 
measures on the Borel cr-algebra B(S) is said to be weakly compact if from any sequence ni \ , 
N = 1,2,... of measures from the family one can extract a weakly convergent subsequence m^, 
k = 1,2 ,... that is ni y —> m for some probability measure m. 

Remark 3.7. Note that the definition does not require m e (my/fy. 

Remark 3.8. We recall that weak convergence means that for all F : S —* R Lipschitz continuous 
and bounded we have 


N k (F) E« m (,F). 


The convergence in law is stronger as it means that for all F : S —> R bounded we have 


jvjC^) ~* ®m(7 ;, )■ 


Definition 3.10 (Tightness). Let S be a metric space and (m ; v),v>i a family of probability measures 
on the Borel cr-algebra r B{S ). The family (m ; y)/V is said to be tight if for any s > 0 it is possible to 
find a compact set K s c S such that for all N > 1, miv(^ £ ) > 1 - e. 

Theorem 3.11 (Prokhorov Theorem). If a family (m,y),y>i of probability measures on a metric 
space S is tight, then it is weakly compact. Moreover, on a separable complete metric space the 
two notions are equivalent. 


Proof. See e.g. fl9ll . pag 114. 


□ 
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Let us now explain how we will make use of this Theorem. We have already introduced the 
measure v,y defined on the topological cr-algebra of X S T as the image measure by the map 


X tp ^ X/^- 

v ip N (t)(y))-, 


notice that in particular, for any measurable function F : Xt, v —> R, 



(17) 


The idea now is to show that the sequence of measures {vyjyr is tight in the space Xj 0 for any 
e > 0 (this will be done in details in subsection 14.31 ). Therefore, the application of Theorem 13.1 II 
yields the weak convergence (up to a subsequence) of {vjvJjv towards a measure v on Xj . 

3.3 Skorokhod’s theorem 

In this subsection, we give and comment Skorokhod’s theorem and explain how we use it to get 
the existence of a weak solution to the cubic defocusing Schrodinger equation (0). 

Theorem 3.12 (Skorokhod). Let S be a metric space and let (tojv)w be a sequence of measures on 
S converging weakly towards a measure m on S. We assume that the supports of and m are 
separable. Then, there exists a probability space and a sequence of random variables (Ay r )y r an d 
a random variable X on this probability space such that 

• the law ofX N is my, 

• the law of X is m, 

• the sequence (Ay)y converges almost surely towards X. 

We refer to lfT8l for the proof and some applications. 

Let us now give some remarks. First, we have that the space X e T , given by © is separable. 
Assuming that we have proven that the sequence of measures vn converges weakly, which we 
deduce in Subsection l4.3l from Prokhorov’s theorem, we get the existence of a sequence of random 
variables Ay of law v,y which converges towards A of law v the limit of (vyfy up to a subsequence. 

We now explain why Ayr can be written X^{t, x) = </Tv(Oi Y^)(x) such that Fy(,r) = Ay(0, x) 
and its law is p^. 

Proposition 3.13. Assume that Ayr is a random variable on a probability space (Q, 'T. P) with 
value in A® r of law vy. Let K,y = Ay(t = 0). Then, P-almost surely we have Ay(/ j = t// v( t) Ty and 
the law o/Tyv is Pn- 

Proof Let A be the set 


A = {m e Q | Vt e R, X^(t)(oj) - if/^{t)X^(t = 0)(o>)}. 


We can rewrite A as 


A = [oj e f2 13»o £ A® Vt € R, X^(t){co) = ^(0«o}- 
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Indeed, if a> e A then there exists uq = Xy(f = 0)(oj) in K E V such that Xy(?)(m) = ^y(f)wo- 
Conversely, if there exists uq e A 7 '; such that Xy(t)(o)) = A v(O u o then Xy(0)(cu) = iAy(0)«o = «o. 
Hence, as the law of Xy is vy, 

P(A) = vy({w 1 3u 0 € A® u(t ) = ^jv(0«o}) = vy(<M0 (X*)). 

And we recall from the definition of vy that 

vy(B) = Pn( u o I N(t)u 0 € P). 

Therefore 

P(A) = Pn(uo | lffN(t)uo 6 tffN(t)(Xp)) = Pn(X^) = 1. 

In other terms, P almost surely Xy(/)(a>) = f^(t)X^(t = 0)(o»). 

Let us prove that the law of Ty = Xy(7 = 0) is py. Let A be a measurable set of X®. We have 

P{Y n e A) = P(X N (t = 0) € A). 


Since the law of Xy is vy, we get 

P(Fy € A) = Vy(w|w(f = 0 ) € A). 


And given the definition of vy we have 

P(Fy e A) = py({n 0 1 tMO«o e {w|w(f = 0) e A}} = py(A). 

Hence the law of Fy is py. □ 

Proposition 3.14. Under the assumptions of Proposition 13.731 for all t e R the law of Xy(f) is p y. 

Proof As Xy(t) = i 3 y(?)Ky, we have that the law of Xy(?) is the image measure of py under t/ry ( t) 
but since py is invariant under i/^y, we get that the law of Xy(t) is py. □ 


The idea is now that as Xy(f) = TytpFy. the random variable X is a weak solution of the 
cubic non linear Schrodinger equation ©, on the support of the limit measure p, see Subsection 

l4~4l 


3.4 Invariance of p N 

In this subsection, we recall the result of JT2j], and explain the density argument which makes py 
invariant under t/fy in Zip- 

In Ifl2l , we proved that the measures py were invariant under the flow t/fy for some topology 
J/ s induced by the norm 

psif) = \m- 2 (x)- 2 D s sm\ L 2 (t€XxR) 

for s < - 1/2. Indeed, as xn is C°° with compact support, it satisfies the hypothesis of Subsection 
1.1 in Ifl2l . This means that for all measurable bounded function F of J/ v and all times t e IB., we 
have 

B Pn (F o f N (t)) = E Pn (F). 

We recall that S (t) = e~ ltA . 

We wish to prove that this property is also true in Zf - Namely, that for all measurable bounded 
function F of Zip, 

E pjv (P o f N (t)) = E Pn (F). 

For this, we need the following lemmas. 


14 




Lemma 3.15. For all non negative and increasing function ip, and for p^ almost all u, we have 
fN(t)u e Z*. 

Proof This is a consequence of Proposition 4.4, bullet 3 in iflZl . Indeed, with a control of ip^(t n )u 
at discrete well-chosen times, one can apply the contraction argument for the well-posedness and 
deduce that 

V F ff(t)u = fN(t)u - S(t)u 

belongs to H s °° with Soo given in Subsection 1.1 of Ifl2l for all t e \t n ,t n+ {\ and ultimately at all 
time. Given that Soc can be chosen as close as but strictly less than 1/2 and that H s °° is embedded 
in L 6 if Soo > 1/3 and hence that H s °° is embedded in Zip if Soo > max(l/3,2 + cr), we get that 
TV(0w belongs p,y almost surely to Zip- 

The fact that S ( t)u belongs p,v almost surely to Z v is a consequence of Proposition 2.5 in 

lfT2l . □ 

Lemma 3.16. Let w be a C°° function o/R. with compact support. There exists a constant depend¬ 
ing on w, C(w), such that for all u e J/ v , 

llw * u\\ Zv < p s (u). 

Proof We write Zp = Zp n Z\ where Z 2 f is the space induced by the norm 

\\(x)- 2 (l+<pT l Df +2 f \\ L 2 
and Z% is the space induced by the norm 

ii(x>- 2 (i + ^r 1/3 /ib- 

We proceed by duality. Let g be in the dual of Z%,, that is 

11(1 + tp){x) 2 D~ 2 ~ a g\\ L i < °°- 

We estimate (g, w * u) where (■,•) is the inner product. We have (g, w * u) = {w\ * g,u) with 
wi(jc) = w(-x). For all t e R, we have 

(g, w * u) = ((x) 2 D~ s S (t)(w\ * g), (x)~ 2 D s S ( t)u). 

And hence we get for all t, 

\(g,w*u )| < ||<*> 2 Zr s S(f)(wi * g)\\ L 2 \\(xy 2 D s S(t)u \\ L 2 

and as the left hand side does not depend on t, we can take the L 2 norm in time between 0 and 1 
to get 

\(g,w*u)\ < sup (||<x> 2 D _i S( 0 (wi * g)|| L 2)|| \\(xy 2 D s Sm\ L 2 \\ L 2 m) 

rs[0,l] 

which yields 

\(g,w*u) |< sup \\{x) 2 D~ s S(f)(wx*g)\\ L 2 p s {u). 
tel o,t] 

We estimate (t)(w\ * g)|| L 2 . We consider the Fourier transform to get 

(|<*> 2 Zr*S(f)( Wl * g)|| L 2 = \\D 2 {k)- s e- ik2t wfk)g(k)\\ L l = llDliky^e-^wfkXky^miLf 
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We distribute D 2 to get 

||<jc> 2 D-*S(0(wi *g)\\ Ll < \\D^(k)~ s+2+a g(k)\\ L 2+ 

\\(k)~ s+2+cr e^^iik^WL^WD^iky 2-17 g(k)\\ L 2. 

We have 

\\{ky 2 -*m\\Li = W D ~ 2 ~ a 8\\^ ^ 11(1 + MxfD-^gWv 

and 

WDliky^mWy = \\(x) 2 D- 2 -°g \\ L 2 < 11(1 +<p)(x) 2 D- 2 -‘rg\\ L 2 . 

Regarding w, we see that for t e [0,1], 

\\D 2 (ky s + 2 + °e- ik 2 t wm\L~ < \\{ky s+A ^wm\L~ + \\(ky s+ 2 +a D 2 wA\ LT 
Wy^e-^wmiL- < IK^> _i+2+£r wi(^)|| Lr 
and taking the inverse Fourier transform 


||<k>-' 5+4+cr w 1 (k)|| Lr 

< 

||D7 +4+ -w 1 || l , 

\\{ky s ^D 2 wA\ L - 

< 

||D7 +2+ -(.r) 2 w 1 || 4 

||<k>- 1+2+ ‘ T wi(k)|| Lr 

k 

< 

|D^ Wl || L i. 


Given that w i is C°° with compact support, all these quantities are finite and 

\{g,w* u )| < C{w)\\{x) 2 D~ 2 ~ a g\\ L 2p s (u). 

Therefore, as it is true for all g in the dual of Zy, 

II W * u|| Z 2 < C(w)p s (u). 

The same proof applies for Zf □ 

Proposition 3.17. The measure p,v is invariant under the flow ( 1 /n for the topological cr-algebra 

ofZ r 

Proof. Let F be a bounded measurable function on Zip- As for p,v almost all u, ipN{t)u belongs to 
Zip fLemma 13.151) . and since p,y is defined on Zip, we have that E Pn (F o iJjhj(t)) is well-defined. 

Let Wk be a sequence of C°° functions with compact supports which converges towards a Dirac 
delta. Let Fk : u i-» F(w& * u). Thanks to Lemma l3.161 we have that u Wk* u is continuous and 
hence measurable from J/ s to Zip and thus Fk is measurable and bounded on J/ v . We deduce 

E PN (F k o iJ/ N (t)) = E PN {F k ). 

As ipff(t)u belongs almost surely to Zip and F is bounded, we can apply the dominated convergence 
theorem to pass to the limit when k —» oo, which yields 

E Pn( F ° flN(t)) = E Pn (F) 

for all t and concludes the proof. □ 
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4 Proof of the theorem 

Before we start applying the results of the last section to prove the theorem, we state two useful 
and central lemmas. 


4.1 Two technical results 


Lemma 4.1. Let r > 1, there exist a non-negative, even and increasing on R + function < p r such 
that for all x € R and all N € N, we have 

E Wv (Mx)D < <Pr(x), Ep(| u(x)\ r ) < <p r (x). 

Remark 4.1. This result may be seen as a consequence of an estimate on the ground state fly of 
L, I \I4\I , or as a consequence of a Brascamp-Lieb inequality, as in /j5]/. 


Proof Let rel and let N > \x\. We apply Theorem 6.7 in [253 page 57 with 

G(u) = Mx^CloW-NWy 1 (u(-N))n 0 (u(N))Qy ] (u(N))e~ 2E{V)N 

where we recall that Oy is the eigenstate associated to the non-degenerate first eigenvalue E(V) of 
L - -j A„ +|n| 2 + |u| 4 - \ and Qo is the eigenstate associated to the non-degenerate first eigenvalue 
0 of L(> = -^ A„ +|u| 2 - 4- We get on the one hand 

J G(u)nv(u(-N))no\u(-N))n v (u(N))nQ\u(N))e 2E(V)N dp N (u) = f \u(x)\ dp N (u) 

and on the other hand 

J G(u)Q v (u(-N))Q- l (u(-N))Q v (u(N))Q- l (u(N))e 2E(VW dp N (u) = 

G(U- 1 V, U x , U/\f)£2y(U]y)Lly(U-/\/)e ^ X+N ^ E (ll_iy, u x )e X ^ J (u x , Uu)dU-Ndu x du!sj 




with 


G(u-n,u x , Un ) = \u x \ r Llo(u-N)Q.y(u-N)Llo(uN)Q. v l (uN)e 


- 2 E(V)N 


We recall that e sL (u \, uf) is the fundamental solution to d s y = -Ly, that is 


■; 


y(s, ui) = I du\e sL (u\,U 2 )y( 0 ,u\) 


and L = L- E(V). 

By simplifying the Qy we get 




| u(x)\'dp.pf(u) = J " \u x \ r Q.o(u-N)Llo(uN)e 2EiV)N e ^ x+fE>E (u-N,u x )e (N x ^ E (u x ,UN)du-Ndu x duN- 


Let Lo = Lq-E(V), we have L-Lq = \xy, thus by the maximum principle, we get e sL (ii i, uf) < 
e~ sl ‘"(u\ , ih). Therefore 

J r \u(x)\'dpiy(u) < 

\u x \ r Ll()(u-^)Q.()(ii^)e~ 2FJV>N e~ < ' x+N> ' L, fu-!y, u x )e~ (N ~ x>E) (u x , uif)du-^du x du^. 


/' 
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By definition of Qo, we have that 


/' 


du\Q.Q(ii\)e sE °(u\, uf) = e sE ^Clo(u2) - Ji£h(ui)e sE °(u2,ui). 
Hence integrating over u N and u_ N yields 
/ K*)l r dfi N (u) < f 


and thus 




f 


\u(x)\' djj N (u) < \u x \ r Q.o(u x )-du x . 


We have that flo(u) behaves as e c ^~ hence the above quantity is finite. Therefore, there exists a 
constant, depending only on r, C> such that for all N > \x\, 


f 


\u(x)\ r d/j/y(ii) < C r . 


Let 


(Pr(x) = maxE„„(|M(x)| r ) < CYmaxD,, 1 < 00. 
JV<W At<w 

We have that tp r is a non negative, increasing function. 

Finally, from Theorem 6.9 in |[25ll page 58, we get 


EJ\u(x)\ r ) <C r < ip r {x). 


We now include derivatives in our analysis. 

Lemma 4.2. Let r >2 and a < ^ such that 0 < a < min(^, 1 - ^), there exist a non-negative, 
increasing on R. + , even function ip ar such that for all r,v £ R, \x\ > |y| and all N £ N, we have 


Proof We essentially use the same method as previously. Let x,y e R. and let N > max(|x|, |y|). 
We assume, without loss of generality, x > y. We apply Theorem 6.7 in lf25l page 57 with 


G(u) = Qo(«(-AO)Qv (u(-NWo(u(N))n- v l (M(N))e- 2E{V)N 


We get on the one hand 


J G( M )Qy( M (-AO)fio 1 (w(-^0)^v(M(A r ))fio 1 ( M ( Ar )) g2£(m ^^( M ) = f k | ( ^ v| “Sf dp N {u) 


and on the other hand 


f 


G(u)Llv(u(-N))D.Q l (u(-N))D. v (u(N))no 1 (u(N))e 2EmN dn N (u) = 


f 


U r ~ Uv 


^■o(U-N)^v l ( U -N^o(.UN)Ll v \llN)e 


- 1 / 


-2 E(V)N 


\x - y\ ar+1 

Lly(Ui\[)Lly(U-Sj)e ( y +N)L ( u-n, u y )e ^ y ^ L (u y , u x )e (N x ’ L (u x , ujf)du-^du y du x du^ 


18 







By simplifying the fly we get 


f 


I u(x) - u(y)\ r 
| X - V |„„. = 


f 


with 


Ge (v+N)L (u_ n , u y )e lx y ’ L (uy, u x )e (N x ' L (u x , u^)du-^du y du x du^ 

I U x ~ My I 


G{U-N, U y , U x , Un) - 


\x - _y| QT+ 

Using as previously the maximum principle, we get 


j£l 0 (iu N )Q. 0 (uN)e - E(V)N . 


f 


I u(x) - u(y)\’ 
\x - y\ ar + l 


d/j-Niu) < 


I 


Ur - U v 


|x-y| Q 


-Q.o(u- N )Q.o(u N )e 2E{V)N e iy+N)L °(u- N , u y ) 

e ~(x-y)Lo (u x , Uy;)dU-y;dUydu x duy;. 


Integrating over u and u,v yields 


/ 


\u(x) - u(y )r 

i A - ?r „ = 


f 


I U x - Uy \ 

\x - y| QT+ 


I U()(u A )Uo(//y)e (Uy• u x )diiydu x . 


We remark that the Lq as turned into Lq as we simplified with e~ 2E(V]N . 

When ar < 1, we use the estimates (ITOl) . (fTTT) and the fact that the derivative at z = 0 of 
e~ zL °(ui,ii 2 ) is 0 outside the diagonal ii\ = uy to get 


- (X ~ y) \u y , U X )\X - y\- l ~ ar < (1 + \U X - Uy\-W- ar \U X + Uy \ 1+ar ) 


We get 


f 


I u(x) - U (y)| r J , A ^ „ f , 

l Y _ v ll +m - dlJN(Ll) - Cr ’ a J l“* 


\r- 3 / 2 -ar 


^ , o(Mx)^ , o0^y)\^'X My\ du y du x . 


With the choice of a, r - 3/2 - ar is non-negative, and since ilo(u) behaves like e , the above 
quantity is finite and does not depend on x or y. Hence, there exists C rjr such that for all N > 
max(|x|, |y|), 

I u(x) - u(y )| r . 

| x _ v |i +m - d ^ * C >^ 

When 1 < ar < 2, we use the estimates (fTTb . (fl2l) and the fact that the two first derivatives at 
z = 0 of e~ zL °(ui,U 2 ) are 0 outside the diagonal u\ = uy to get 

e^ x -y^(uy, u x )\x - y\~ l ~ ar < (1 + | u x - u y \^ 2 - ar \u x + u y \ 1+ar ) 


f 


We get 


f d dN(u) < Cya J' I U x - Uy\ r 3/2 ar Q.o(U X )Cl 0 (Uy)\U X + Uy\ ar+l dUydU X . 


With the choice of a, r - 3/2 - ar is non-negative, and since Qo(w) behaves like e , the above 
quantity is finite and does not depend on x or y. Hence, there exists C rjr such that for all N > 
max(|x|, |y|), 

\u(x) - u(y)\ r 

| y _ y| I +(rr d ^) ^ C ^- 


f 
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For N < max(|x|, |v|), we have 


/ 


\u(x) - u(y)\ 


—dp N (u ) < F> a , 1 e( 


wk/W -q(y)\ 


H 


\x-y\ ar+1 " v |x-y| QT+1 

As a < we get that the mean value on the oscillator process is finite. Let 

f \q(x) - q(y)\ r 


c’ rjr = ( min (e(- 


|x-j| a 


_Ll c A 


and 


<PaA x ) - C'„ max D 1 


r,a N • 

rv<M 


For all N, Dn < 1, hence for all N, 


_ Au(x)-u(y){s 

i _ iqt+1 J - V»a,r(max(W, |y|)). 


\x - y\ ar+ 

Finally, from Theorem 6.9 in If25l page 58, we get 

/ | u(x) - u(y)\ r 


\x - y\ 


ar +1 


) < ^a,r(max(|x|, | y\)). 


□ 


4.2 Convergence of p N towards p 

In this subsection, we prove that the sequence py converges towards p in law. 

Proposition 4.3. For all non-negative increasing function tp, we have that the sequence py con¬ 
verges towards p in law in the sense that for all bounded measurable function F from X^ to IB, the 
sequence E Pn {F) converges towards E P {F). 

Lemma 4.4. Let F be a measurable function from X ! if to R such that either F is bounded or there 
exists x 0 € R and r > 1 satisfying F(u) = \u(xo)\ r or there exists xo and yo in R, r > 2 and 
a e [0, such that a < |, 1 - ^ satisfying F(u ) = • We have 

|E Pn (C)-E w (C)| <C F -^ 

1 U N 

where Cp depends on F in the case F bounded and on r, or r and a, in the other cases but not on 
N. 

Proof Let gp/(u) = e~? jxN(x)\u(x)fdx^ ] lN ^ = e ~2 f_ N \u(x)\ 4 dx anc j set ^ - Jg N ( u )dq(u). We recall 
that Dn = f hp/{u)dq{u). 

Given Proposition [376] we have 

E Pn (F) = f F(u)^-dq(u). 

J U N 

E p N (F) = f F(u)—j^—^dq(u). 

J L>n 
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By definition, we have 











Let us prove that 


J' 1^0)11 8n(u) ~ h N (u)\dq(u) < CD 3 N . 

Indeed, as Xn(x) e [0,1] and^W = 1 on [-N,N], we have gx(u) < Iin(u) and thus 

\g N (u) ~ h N (u )| < li N (u)^ J' \xn(x) ~ dx. 

Integrating with respect to dq{u) and bounding Iin(u) by 1 yields in the case that F(u) is bounded 
J r \F(u)\\g N (u)-h N (u)\dq(u) <C F J'Iyn(x) ~ l[-tv,iV]Wl( J" \u(x)\ 4 dq(ufjdx. 

In the cases F(u) = \u(x 0 )\ r or F(u) = £5 , we get 

J \F(u)\ \g N (u) - h N (u)\dq(u) < f \xn(*) ~ l[-JV,iV]Wl( J \F(u)\ \u(x)\ 4 dq(ufjdx. 

Since dq is up to a constant the Gaussian law induced by the random variable 


f 


VT 


::dW(n ) 


+ n z 


where W(n) is the reunion of two independent complex Brownian motions, we get 

,2 


J' \u(x)\ 4 dq(u) < c( J" \u(x)\ 2 dq(u)j 


where C is a universal constant related to Gaussian variables. We have f \u(x)\ 2 dq(u) = J jjjt = n, 
thus 


/ 


\u(x)\ dq{u) < C 


where C does not depend on x. 

We use the proof of Lcnima ldTl in the case F(u) = |u(xo)| r and the proof of Lemma l4~2l in the 
case F{u) = to get that 


f 


\F(u)\ \u{x)i dq{u) 


is finite, depends on r or r and a but is independent from x and xq or x, xo, and yo- 
We get 

J" 1^0)1 Ilgjv(«) - h N (u)\dq(u) < C F - j ' \xn{x) - l[- N ,N](x)\dx. 

By definition ofxN< it is equal to 1 on [ — /V, TV], to 0 outside [-N - D 3 n ,N + D 3 N ] and belongs to 
[0,1], hence 


and 


2 J" l Xn(x) - 1[_at, W ](.v)| < D 3 n 

J' \F(u)\ | g N (u) - h N (u)\dq(u) < C F D 3 N . 


We deduce from that |D' V - Dy| < D 3 for F = 1 and thus D' N > D,y - D 3 . 
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We have 


|E PJV (F) - E pw (F)| < J \F(u)l lgN(U) D / lN(U)l dq(u) + | \F(u)\h N (u) 


N 


J* 


I D n - D' 


N 1 


d nD' n 


Given the previous estimates, we have 


D i r 

- Pn (F) - E W (F)| < C F -^ + h N (u)\F(u)\dq(u)- 

U N J 


D 3 
U N 


DnD [ 7 


We get by bounding h„ by 1 


DXj Z)y 

1 Pn (F) - E W (F)| < C F -f < C F -—^- r 

1 _ ^iv 


which concludes the proof. 


Proof of Proposition \4.3\ As py converges in law towards p for cylindrical sets, we get that p,y 
converges towards p for the topological cr algebra of continuous functions u such that (x)~ v u 
belongs to L°° for any v > 0. 

Indeed, let B(uq,R) the closed ball of centre uq and radius R in this space, we have 


B{u o, R) = { u € C(R, C) | dx e R, \u(x) - u$(x)\ < R{x) v \. 


As the u arc continuous, we can restrict x to Q and get 

B(uq,R ) = € C(R,C) 11 u(x) - uo(x)\ < R(x) v }. 

J€Q 


As {u e C(R, C) | \u(x) - //o(x)| < A'(x>’'! is a cylindrical set, we get the convergence of p,y towards 
p for the balls of continuous functions in the norm ||(.r)~ v • ||//» and as these balls generates the 
topological cr algebra we get the convergence of py towards p. 

For this to be significant, we prove that 

p({u e C(R, C) | ||(x) -v m||l°° < oo}) = 1 


and 

Bn(\u € C(R, C) | \\(x)- v i,\\ L ~ < oo}) = 1. 

Indeed, if we do not have these properties then the convergence in ( x) v L°° is only true on the set 

{ueC( R,C)|||<x>- v u|| L » <oo} 

which has not a full p or py measure and hence one cannot have the convergence in law. 

Given that the py are absolutely continuous with respect to q, it is enough to prove that u is dq 
almost surely continuous and such that (x)~ v u belongs to L°°. 

Let a € [0, and p e]l, °°[ such that < min(v, j - a), we have by Sobolev inequality, for 
j < s < \ - a, 

\\{xT v D a u\\ L P qL «, m < C\\D\x)- v D a u\\ LPqU , m . 

As differentiating ( x)~ v only gains in powers of x and since we can reverse the order of integration 
we get, 

\\(xy v D a u\\ LPq{L „ m < c\\(xy v D s+a u\\ LP(RL r y 
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Since s + a < j and dq is a Gaussian, we have 

\\D s+a u(x)\\ L p < C p \\D-*°u(x)\\ LHlq) < C„( f < «. 

And since (x)~ v belongs to L p , we get 

\\(x)- v D a u\\ L P L «, m < oo 

which yields that ||(x)~ v D q '«||z,<>o(r) is p,y almost surely finite and hence (x)~ v u belongs almost 
surely to W a,oa which ensures that u is /r,y almost surely continuous and that (x)~ v u belongs /qy 
almost surely to L°°. 

For p, we use Theorem 6.9 in |25l to get that for r > 4 and a e]£, |[ (the couple (r, a) satisfies 
the assumption in Lemma l4~2l) . we have that 

E / 1 u(x) - u(y)\ r 
H \ X -y\l+»r 

is bounded uniformly in v and y. Flence for v > ^ we get that 

M f * / 

is finite and hence (x)~ v u belongs p almost surely to W a ’ r which ensures that u is p almost surely 
continuous and that (x)~ v u belongs p almost surely to L°°. 

The topology of X E V is weaker that the topology of (x) v L ca . Indeed, 

M\x* = \\(l + <pr\x)- 6 ^D* 1+E U\Li < \\D-^ +s \x)- 6 ^D^u\\ L 2. 


We recall that cr < 0 and that differentiating (x) 6( 1 +f:) only gains in powers of x thus 


INI** < C||(x>- 6a+ ^u|| i2 


and by Holder inequality 

M*» < C\\{x)~ v u\\l°°. 

Thus, we get that p,y converges towards p in law for the topological cr algebra of X E . This 
implies that for all F measurable, bounded from X E to R., we have that E jUiV (F) converges towards 
E p(F). Given the lemma, we get that E pv ( F) converges towards E p (F) which implies the result. □ 

We deduce from Lemmas [4. 1 114.21 and 14.41 the following lemma. 

Lemma 4.5. Let r >2 and a 6 [0. such that ar < 2,1 - there exists tp r and tp r ^ a two non 
negative increasing functions such that for all N € N and all x,y € R, |x| > |y| we have 


and 


E pjv (|n(x)| r ) < <p r (x) 


(18) 


, , \u(x) - u(y)\ r 

|x - y\ x+ar 


) < tfirj x). 


(19) 
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4.3 Tightness of v N 

This section is devoted to prove the tightness of the family of measures (vn)n- I n order to do this, 
we need to begin by proving some preliminary technical results. We begin with the following 
compactness argument. 

Proposition 4.6. Let Rq > 0. The set K - {u : \\u\\x f < ^o) is compact in X E . 

Proof. We show that for every e > 0 there exists n r and ii\,... u llf such that 

n e 

Kc\jB(uj,s) 
j =i 

where B arc the balls in the X^ topology. To do that, we introduce a smooth cut-off function 1| A |<« 
such that 1 | a |<r(x) = 1 for x e [-R. /?] and 1 | a |<r(x) = 0 for x e (-oo, -2R ) U (2 R, +oo). We then 
have, for any u e K. 

\\u\\ K <1 + 11 

where 

i = iid + (i - 1 | A |<r)m|| L 2 

and 

II = ||(1 +^)- 1 <x>- 6(1+£) D cr(1+e) l | A |< RM || L 2 
The first term is easily bounded as follows 

/ < C/T K ||(1 + (p)~ 1 (xy 6 D‘ T(l+£) u \\ L 2 < CR~ E R 0 . (20) 

To estimate the second term, we need to introduce also a frequency cut-off n,y 

n N f(n) = r](j-)f(n) 

with Tj a non negative even C°° function with compact support included in [-1,1] and such that 
rj — 1 on [-1/2,1/2] and N > D. We thus rewrite 

II = 11 A + IIb 


where 

II A = 11(1 + ^- ] (x)- 6{]+s >D fT<]+s >(\ - n w )l| A |< R n || L 2 
and 

I1 B = ||(1 +^r\x)- 6 ^D^U N l mR u\\ L 2 
To estimate IIa we use the fact that I l y cuts off high frequencies, yielding 

1I A < C R iV- £ ||(l+^)- 1 <x)- 6 D (T l| A |< RM || L 2 (21) 

< c r n- £ r q . 

Finally, to estimate IIb we use that ITy I \x\<k u is finite dimensional, and therefore for every e > 0 
there exist n e and u\,... u, tf . e ll v 1 | A |</W such that 

n s 

U N l M < R Kc[jB(uj, £ /3). ( 22 ) 

7=1 
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We are now ready to conclude: for a fixed e > 0, we can choose R in ( [2(71 ) big enough such that 
/ < s/3 and, for fixed s and R, we can choose N in ([2Tb big enough such that IIa < e/3. Therefore, 
taking any u e K, we can conclude that there exist ye {1,... n E ] such that taking the corresponding 
uj e X £ in Ilg gives 


ll« - Uj\\x* < -e + \\n N l M < R u - uj\\x* < £ 


and thus the proof is concluded. 


□ 


As a consequence, we have the following 

Corollary 4.7. For every e > 0 the embedding X v c A® is compact. 

Another crucial tool is represented by the following uniform estimates. 

Proposition 4.8. Let 0 < a < 1/2. Then there exists a non negative increasing function ip(x) such 
that 



(23) 


is uniformly bounded in N. 

We go step by step and we start by explaining the reason why we introduced the space IZip- 
Lemma 4.9. There exists a constant C(T ) independent from i p such that for all N 



Proof The ideas of the proof are two fold : the first one is that we can estimate the a Lipschitz 
continuity by bounding dpi which we know explicitly in terms of u as u is i/,y almost surely the 
solution to ([8]). the second one is that px is invariant under the flow of ([8]). 

We recall the definition of the || - \\x Tip given in the introduction to be 



ll«(ft) - u(tf) IL* 

sup —17— TV *— 

n,t 2 e[-T,T] l'l-‘2l 


+ ll»llz.“([-7\7’],X v ) 


(24) 


(we will fix later the weight function ip). We observe that, by Holder inequality, 


||n(?i) - w(f 2 )IU^ = ||(1 +ip) l (x) 6 Df(u(ti)-u(t 2 ))\\ L 2 



and thus for every a e (0, j ], we get 


W u (h) ~ u(t 2 ) ILy„ 

SU P —I:— TV — 

n,t 2 e[-T.T] \h - h\ 


< C(T)(\\d t u\\ L 2 ([ _ T Tl xp + ll ; 'llL 2 ([-7’,r],^))- 


By Sobolev embeddings, we have 


ll»llL”([-r,r],^) ^ C(r)(||d r «|| i 2( [ _ rtr ]^) + ll»llL 2 ([-r,r],^ v ))- 
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We take the norm to get 

H ;, llL2 JV ,L“([-7’,r],^) ^ C ( T )(W d tlt\\ L l N ,L 2 ([-T, T lX v ) + ll“llL; jv ,L 2 ([-r,r],^))- 

We use the definition of vn as the image measure of p,y under i//,v(?) to get 

H“llL; iv ,L‘ x ’([-7’,r],^) - C(r)(||5^iv(OMo|| i 2 iv;L 2 ( [- r j.]^) + \\^N(t)uo\\L^ N ,L 2 ([- T ,T^ ¥ )^- 
We can now exchange the norms in probability and in time by Fubini to get 

IMI L^^q-TJlX^) - C( T )(\\dtftN(t)uo\\i2([- T ,T](l2 N ,X lp )) + II*Aa , (0^oIIz, 2 ([-7' i 7'](Z,2^ v ^))). 

As tJ/N is the flow of ©, we get 

2 

\\dt4 , N{t)UQ\\L2([- T J}(Ll N ,X ip ) - II A l A/v( 0 »ollz. 2 ([_ 7 ’j’]( L 2 ^ + lhr/vl'AA'(0 M ol“llL2([-r,r](L 2 )V ,^)- 

We recall that X^ is given by ©. Thanks to its l? part, we have 

II A l/'N(t)uo\\i2([-T,T](L% N ,X v ) - H'AwCOMoll^Ct-r.rKL^,^) 

and 

ll^w(OMollL2([-7’ ) T](L 2 Ar 'Xcp) - \\^N(t) u 0\\L 2 ([-T,T](L 2 RN ,Zcpy 
And thanks to its L 6 part and the fact that xn < 1, we have 

II*A|</w(OwoI llL2([-r,7’](L| JV J( v ) - H^Ar(0“oll L 2 (l-T,T](Lj N ,Z v )- 

Therefore we get 

IMIl ^tjixj - c ( T ^N(t)u Q \\ L 2 ([ _ T T]{L 2 N Zi/i y 
We now use the invariance of p,y under for the topological cr-algebra of X<p to get 

ll“ll L 2 VN ,L°°([-T,TlX v ) ^ C ^ T ^ U o\\l 2 ([-T,T](L 2 pn ,Z v ) 
and we take the norm in time to get 

H"llL2 JV ,L”([-r,r],^) - C(T) VtHmoII^ ^ 

which concludes the proof of the first le mm a. □ 

We are left with proving that there exists tp such that \\u\\ L i 7 is uniformly bounded in N. 

We divide the problem into two parts by writing X<p as X 2 f n X\ with X 2 ^ the space induced 
by the norm 

||<*>- 2 (l+^)- 1 D cr+2 /|| L 2 
and X\ the space induced by the norm 

ii(x>- 2 (i + ^r 1/3 /ib- 

We start with the L 6 part as the absence of derivatives makes it easier to deal with. 
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Lemma 4.10. Let if be a non negative, even function increasing on R + such that if > f^~ where 
f(, is the one defined in (1181) . then 



is uniformly bounded in N. 

Proof. As pn is a probability measure we have || • \\ L 2 < || • \\ L 6 , hence we have 

\\u\t r6 < E pw ( f dx(x)~ 12 ( 1 + f(x))~ 2 \u(x)l 6 ). 

■pn x Jr 7 

We exchange the two integrations to get 

\\u\\ 6 2 6 < f dx(x)~ 12 (l + f(x)y 2 E PN (lu(x)l 6 ). 

pn ^<p Jr 

We use Lemma 1431 to get 

E Pjv (Kx)| 6 ) < <Pe(x) 

which yields 

\\u\t < f dx(x)~ 12 ( 1 + f(x)y 2 f 6 (x). 

Jr 

With the choice of f, this integral converge and does not depend on N. □ 

We now deal with the L 2 part of Zip- 

Lemma 4.11. Let s < Let f be a smooth positive even function decreasing on R.+ and flat 
enough in +oo in the sense that 

• \D s f(x)\ 2 < fflx)-\x)~ 2 , 

• \tfix)\ 2 < f 2 

. ifU-n 1 - 2 ' < f 2 {x)-\xy 2 , 

where fi and f^ s are the functions defined in Lemma \4~5\ 

Then we get that 

Wf{x)D s u\\ L 2 N j 2 m 

is uniformly bounded in N. 

Proof We have 

\\f{x)D S u\\ L 2^ L 2^ <1 + 11 

with 

I = \\(D s f){x)u \\ L 2 l2(R) , II = \\D\f{x)u )\\ L 2 l2(r) . 

Let us start with I. We have 

l 2 = E PJV ( f dx\D s f(x)\ 2 \u(x)\ 2 ) 
and we exchange the integrals to get 

l 2 = J dx\D s iflx)\ 2 E PN {\u(x)\ 2 ). 
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We use the fact that by Lemma l431 wc have E Av (|u(a)| 2 j < (pjix) and our assumptions on £ to make 
the integral converge and to get that / is uniformly bounded in N. 

The quantity II can be written as 


II 2 = 


w f 

JRxR 


dxdy 


\£(x)u(x) - £(y)u(y)\ 7 


\x-y\ 


1+28 


)• 


We use symmetry over a and y to get 


II- = 2E, 


'Pn{ f 1 
d\x\<\y\ 


dxdy 


\£(x)u(x) - £(y)u(y)\ 2 


\x-y\ 


1+28 


We now divide II 2 into two parts as II 2 < A + B with 


A =2E, 


'Pn 


dxdy 


M<M 


\m - £(y) I- 

|a - y| 1+2jS 


\u(x )\ 2 ) 


and 


B = 2E, 


w(I 


dxdy 


\A<\y\ 

We exchange the order of integration to get 


Mr) - »Cv)l" 

\x - y| 1+2i 


l£00l 2 ). 


A = 2 


f 

J\x\<\y\ 


dxdy 


\x - y| 1+2i 


E P(V (Ka)| 2 ) 


and 


8 = 2 f )lfWI 

J\A<\y\ v |A - y| 1+2i > 


We use CU-CaJ (notice that the couple (r, a ) = (2, s ) falls within the assumptions of Lemma l4~5l) 
to get 

\£(x)-£(y)\ 2 


A = 2 f , 


dxdy- 


\x - y\ 


1+28 


-<P2(X) 


and as \x\ < |y|, 


B = 2 f dxdy ^vOO^OOl 2 * 

B\x\<\y\ 


For B, we integrate in a to get 


I 


B = 4 dy \y\(f> 2 , s (y)\t;(y)V 


and we use the hypothesis on £ to get this integral converge and is uniformly bounded in N. 

For A, we use the smoothness and flatness of £ at oo to get that £' is bounded and hence for 

I a - y\ < 1 

and the fact that £ is even, decreasing on R + and |a| < |y| to get 

to - toi 2 


\x - y\ 


1+28 


£ Itol 


1-28 
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When \x - y\> 1 we get 


!£(*) ~ £ 001 ^ |f(*)| 

\x-y\ 


< 

1+2 s ~ 


\x-y\ 


l+2s ' 


Therefore, we have 
A < 


I 


W<|y|,|.r-y|<l 


dxdy\%(x)\ x 2s <p^(x) + I 

J\x 


J J \t(x)f 

dxdy- - 

W<M,h-rl>i |x-y| 1+2 ' 5 


We drop the restriction \x\ < |y| and we integrate in y. We have that ^ <x dy is finite and does not 
depend on x and so is f _ jf l+ls , hence 


A < f (ixl^(x)l 1 zs <f 2 (x) + I dx\f(x)\ z ip 2 (x) 

Jr Jr 

and we use the assumptions on f to get that the integral converges and are uniformly bounded in 
N. □ 


i1-2j 


L 


Proof of Proposition 14. SI By Lemma l4~9l we have that it is sufficient to get a ip such that 


where the constant C does not depend on N to conclude. We take <p < ip^ 2 and such that (1 + 
p(x))(x) 2 = £(x )~ 1 with £ satisfying the assumptions of Lemma 14. Ill Then, by Lemma 14.101 and 
Lemma Fi.l 11 we get that ||n ||,2 7 is uniformly hounded in N which concludes the proof. □ 

We arc now ready to prove the main result of this section. 

Proposition 4.12. Let T > 0 and s > 0. Then the family of measures ( v,y),v> i is tight in X ! r ^ . 

Proof Let 6 > 0, and define the set 

K s := {u e X s T(p : \\u\\x Ttlp < (T 1 }- 

Since the embedding Xj_, t c Xj is compact (see Corollary 14.71) . we have that the set Kg is 
compact in X e T for any e > 0. Moreover, thanks to (1231) and Holder inequality, we have 

vn(K c s ) < 6 \\u\\ l1nXtv < SC. 

Therefore, the family of measures (vjv)jv>i is tight in X’ T ^. □ 


4.4 Existence of a weak flow for NLS 

In this subsection, we use Skorokhod’s theorem to prove the existence of a weak flow for NLS. 
We apply Skorokhod’s theorem to get the following proposition. 

Proposition 4.13. Up to a subsequence, there exists a probability space (Q, f, P) and a sequence 
of random variables ( Xv),v with values in X^ T such that the law of Xy is y,y and converges 
almost surely in A® T towards a random variable X. Besides, for all t e R, almost surely, we have 
X^it) = i!/ N (t)Y N with Yn = Xu(t = 0) and the law ofX^{t) is p^. 
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Proof. This is a direct application of Skorokhod's theorem, as explained in Subsection I3.3l and of 
Propositions 13.131 and 13.141 □ 

Proposition 4.14. The law ofX(t) is p. 

Proof. We have that X,v almost surely converges towards X in X^ T = C(\-T. T\,Xf). Hence for 
all t e [-T, T\, X N (t) almost surely converges in X^ towards X(t). The almost sure convergence 
implies the convergence in law. Hence, the law of X{t) in X e v is the limit of p,y in X^, that is p. □ 

Proposition 4.15. The random variable X is almost surely a weak solution to 

id tit = - A u + \u\ u. 

Proof. We have that Xv is almost surely a solution in X^ T of 

id t X N + aX n -Xn\Xn\ 2 Xn = 0. 

Since almost surely X N converges in X^ T towards X, id t X N converges in the sense of distribution 
towards id,X, and aXv towards AX. 

We explain why for almost all <o e Q. there exists a subsequence x.v, \X \i k Ui))\ 2 X Nk ((jj) which 
converges towards \X(co)\ 2 X(ll>) by proving that for some <p, (1 + <p)~ l (x)~ 2 X^ converges towards 
(1 + (fi)~ 1 (x)- 2 X in L r (Q x [-T, T] x R) for all r e]l, oo[. 

We recall thatyyy converges towards 1 in the norm ||(x) _1 • ||l~ by construction. 

With the same techniques as in Subsection 14.31 given that the law of Xv(0 is Pn and the law 
of X(t) is p, we have that for s < j, s < 1 - jp, 

||(1 + ip)~\x) 1 T>9fjvllL'-(nx[-r,:r]xR) 


is uniformly bounded in N and that 


IK*) Hl+V 5 ) 1 ^9niz/(nx[-7\7’]xR) 


is finite for all 5 < \ and r e] 1, oo[. Let 


C = max(sup ||(x) 1 (I + (f) 1 T>9fXlz/(nx[-7\7’]xR)>IK*) *(1+^) 1 T>'X||/ j r (nx[ _ r j’ ]x]R) ). 

N 


We have 

IK*) 2 (1 + <p) Hx - XXIIz/oM-r.rixR) ^ 

(R)~ l 2C + 1 + <p(R))2C + ||n M l w < R (X - Xv)llLqnx[-r,r]xR). 


Since Tl-Mfx\<R projects into a space of finite dimension, we get that X^ and L r (W) have equivalent 
topologies on this space, which yields 

l|n M l W <*(X - Xv)llL'(R) < C(M,R)\\X - X N \\x* 


and thus 


lin M lw<R(X - X w )llL'-(nx[-7’,r]xR) ^ C(M,/?)||Hm1|x|<r(X - X^)|| u(Q.x[-T.T].x B p 
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Since ||Av||z/(nx[-:r,:rup is uniformly bounded in N and \\X - Av|| v([-t,t],x°) < T l/r \\X - X n \\ x ^ t 
converges towards 0, we get by the dominated convergence theorem that 

lin M l|Ai<i?(^ - ^)llL r (nx[-T,r]xR) —* 0 

and therefore, so does ||(.x>^ 2 (l + y?) _1 (X - AAr)llz/(nx[- 7 \rix]R)- With r = 6, we get that \X x \ 2 X x 
converges towards \X\ 2 X in (x) 6 (l+^) 3 L 2 (Qx [-T, T ] xR) and hence that;^Kvl 2 ^jv converges to¬ 
wards \X\ 2 X in (,r) 7 ( I +ip) 2 L 2 (£lx[—T, T]xR). We deduce from that that for almost all weD, there 
exists a subsequence X Xk (a>) such that x Xk \X Xk \ 2 X Xk converges towards \X\ 2 X in (x) 1 Lr([-T, T]xR) 
and hence weakly. 

Thus, for almost all oj e 12, there exists a subsequence X Xk (a>) such that id t X^ k (a>) + AX Xk (a>) - 
Xn, : I X\i l; (w)| 2 Xn I: (oj) goes to id,X(oj) + AX(u>) - \X(o))\ 2 X(oj), which ensures that almost surely and 
in the sense of distributions 

id t X + AX- |A| 2 X = 0. 


□ 


This concludes the proof of the main theorem. 

Definition 4.16. Let Q' be the set of oj e Q such that X(co) satisfies id,a - - A n + |n| 2 n. Let A be 
the image by X(t = 0) of Q!. For all no e A, let 

mo* o) = \X(t)(oj) Iwefi'n X(0) _1 ({M 0 })}- 

This defines a weak flow f(t) of id t u = - A u + \u\ 2 u. In particular, we do not have uniqueness 
of the solution. 

4.5 Invariance of p under the weak flow, further remarks 

In this subsection, we interpret pit) and X(t) in terms of measures. 

Definition 4.17. Let t e R, we call F, the set of measurable sets A of A® such that for all no e A®, 
if iJ/(t)(uo) n A + <p then f(t)(uo) c A. 

Proposition 4.18. The set F t is a cr algebra included in the topological cr-algebra of A®. 

Proof. The empty set belongs to F t . 

Let A eft and A c its complementary. Let no £ A®. 

If i/r(f)(no) is not included in A c then, we have that f{t){uf) n A is not empty. Hence, as A 
belongs to F t , we get that if(t)(uo ) is included in A and thus Pit)iM\ n A c = cp. 

The converse statement is that if pit)uo n A c is not empty then pit)UQ is included in A c and 
hence A c belongs to F t . 

Let (A„)neu be a sequence of sets of F, and let A = |J A„. Let no £ A®. 

If if(t)(uo) n A is different from the empty set then there exists n £ N such that f{t){wf) n A„ is 
non empty. Hence, fit)uo c A„ c A. Thus A e F,. □ 

Remark 4.2. The cr-algebra F, may be trivial. Indeed, if pi t)iuo ) is either equal to the empty set 
or the full set then Ft is trivial. 

Nevertheless, let Ao = {|no £ A® | Card (tfr(t)(uo)) = 1} and assume that there exists A, measur¬ 
able such that A t is included in pit)(Ao) then Ft contains at least all the A t CA with A measurable 
in A®. 
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Remark 4.3. Let us comment upon the lack of uniqueness of the flow. Assume that the cardinal of 
f(t)(iif) is strictly more than 1. Then, there exists co\ and u >2 in Q such that X(t)(co\) + X(t)(co 2 ) 
but X(0)(wi) = X(0)(a>2) = U(). We recall that for all r e R and i = 1,2, X(T)(ajj) is the limit of 
X^(T)(oJi). Since X(t)(a>i) # X(t)(co 2 ) we get that there do not exist subsequences such that 

NfltflXN k (ri)(a>\)) = X Nk (t)(a> 1 ) = X N ' k (t)(a> 2 ) = tAw'(0(^(0)(o>2)) 

and because of the uniqueness and reversibility of i//^ k that there do not exist subsequences such 
that 

x Nt m<oi) = x N >mco 2 ). 

In other words, Xn(())(oj\) lias to converge in a different way to uofrom X^(a> 2 ). 

Hence, if one could prove that almost surely X(0 )(qj\ ) = X(0)(a>2) implies for example that 
X N (())(co\) = Xn(0){u> 2) for an infinite number of Ns then one would get uniqueness of the flow. 
To us, it is not obvious how to prove this or even if this is true, but we expect that if it is possible, 
one should understand it at the level of the convergence of p^ towards p. 

Definition 4.19. Let A c X s v and t e R, wc call the reverse image of A by fit) the set 

fitf'iA) = {n 0 e X e v \ if/(t)(u () ) c A). 

Proposition 4.20. Let t e R and A e ft, we have 

x(or 1 mr\A))=x(tr 1 (A). 

Proof. Let co € Q. We have that co belongs to X({))~ffj(tyf A)) if and only if f(t)(X(0)(oj)) c A. 
But since A belongs to T t then f(t)(X(0)(oj)) c A is equivalent to X(t){u>) e A. Indeed, X(t){u>) 
belongs to i//(t)(X{0)(co)). Therefore, co e X(0 f l (ij/(t f l (A)) is equivalent to co e X(t f l (A) which 
concludes the proof. □ 

Definition 4.21. Define p 1 the transported measure of p under fit) on T, as 

p \a) = P mr\A)) : = p(X(oy l mr\A))). 


Proposition 4.22. For all A € T t , 


p\A)=p{A). 


Proof. With the last proposition 

p\A) = P(X{ty\A)) 

and the law of X{t) is p. □ 
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